Abstract-This paper presents a systematic approach to perform an on-line global design of look up table (LUT) controllers. This paper uses Vertex Placement Principle to design a controller for an initially unknown objective plant (P) based on a desired plant (DP) model. Both the desired plant and the objective plant are approximated with piecewise bilinear (PB) models. After the on-line identification of the initially unknown plant (P), the LUT-controller (C) is designed so as to make the closed loop plant (CP) behave like a desired plant.
I. INTRODUCTION
The conventional approach for the analysis of nonlinear control systems is mostly based on their local linearization around an operating point. Also global linearization methods such us "Feedback Linearization" transform nonlinear models into linear models. The resulting globally linear models can then be easily analyzed by linear control theory [1] [2] .
However, linearization alone will not be sufficient as it has some limitations such as the nature of "local" and not "global" approximation, and the fact that not all the nonlinear systems can be linearized.
Thus, in recent years, piecewise linear (PL) systems have been studied related to the analysis of nonlinear control systems [3] [4] [5] [6] . In PL methods, a nonlinear control system is linearized around a number of operating points, resulting in a set of regionally linearized systems [7] . PL systems can be combined with set of rules for switching among these systems smoothly [5] .
Fuzzy control has been successfully applied to many industrial plants that are mostly nonlinear systems [8] [9] . The stability analysis of fuzzy control addressed in [8] [10] [11] [12] , is an essential part in order to guarantee the global stability of the resulting closed loop systems. A concept of PL systems also appears in TS systems where a number of regional linear systems are smoothly connected with membership functions [13] [14] . TS systems aim at approximating general nonlinear systems, but unlike the conventional PL approximation, these are not fully parametric. Therefore, their analysis remains conservative.
The well-known finite element method approximates the solution of partial differential equation with PL functions, where the state space is divided into simplexes [7] . It is known that any three points in three dimensional space can be spanned with an affine plane: y = a + bx 1 + cx 2 . As such, the obtained linear approximation is parametric and realizes a given precision as a general approximation capability for nonlinear functions. However, the obtained PL system is too complex to use for control purpose due to the difficulty in dealing with diagonals in the rectangular coordinate system. To overcome this, one of the authors proposed the use of piecewise bilinear (PB) approximations [8] . A bilinear function is a nonlinear function, the second simplest one after a linear function. Any four points in the three dimensional space can be spanned with a bi-affine plane: y = a + bx 1 + cx 2 + dx 1 x 2 . A PB model is built on rectangular regions with four vertices partitioning the state space. The approximated system is easily applicable for control purpose. PB systems has a continuous crossing over piecewise regions and it can be expressed as look-up-tables (LUT).
In spite of their limitations to low-dimensional problems, since the computational demand and the memory requirements grow exponentially with the number of state variables, grid-based LUTs are widely used to realize controllers for industrial purpose e.g.: [15] [16] . LUT is a very good general approximator for nonlinear functions, and with the bilinear interpolation, it is found to be a PB system. LUT controllers can be easily used, interpreted and visualized. A local error does not trigger a global error and its interpolation nature generates robust outputs. However, the global tuning of LUTs in case the plant P is unknown is very difficult.
Generally speaking, if a plant model P and a desired (closed-loop) plant model DP are given, we may have a strategy to design a Controller C by setting a relation C = DP − P . This strategy works for linear systems but does not work in general for nonlinear systems as we know. However if nonlinear systems are modeled with P B systems, we can take this strategy by applying Vertex Placement Principle as will be shown in the following chapters, where we will deal with an unknown plant.
In many cases an accurate model of the controlled plant is not available, or the known plant may have unforeseen parameter variations. For such cases, adaptive controllers have been used [17] [18] . Our scheme for the design of LUTcontrollers could also be used to this aim. This paper deals with the problem of on-line global estimation of PB models, and we develop a systematic approach to solve it. Then, we make on-line design of a LUT-controller C for an unknown plant P based on a desired plant DP so that the closed-loop system CP of the unknown plant and its LUT-controller behaves like the desired plant. In the qualitative formula of DP = P + C, there are two unknown variables P and C. At a glance, it does not seem that we can differentiate C from P. However, our on-line design method of C makes it possible; by the proposed method, we can simultaneously design C and identify P.
In this approach, we make the assumptions that (a) a PB model of a desired plant is given, and (b) both the states of the desired plant and an unknown plant can be observed and their derivatives can be numerically calculated.
Generally speaking, the model-based design of a LUTcontroller can be classified into two cases: direct and indirect approaches. In the direct approach taken in this paper, we design a LUT-controller of an objective plant by setting a desired plant so that the closed-loop behaves like a desired plant. On the contrary in the indirect approach, we do not assume a desired plant, but we set some performance criterion for the closed-loop as considered in stabilizing control, optimal control or robust control.
Section II introduces the canonical form of PB models. Section III presents the Vertex Placement Principle with which we will perform the on-line global tuning of the LUT controller. Section IV illustrates various simulation results, and Section V gives conclusions.
II. CANONICAL FORM OF PIECEWISE BILINEAR MODELS
In this paper, all our analysis will be based in a twodimensional general nonlinear control systems defined by their state space equations as,
where r is the input (control, reference or both). f 1 , f 2 and g are function of x 1 and x 2 . Generalization of PB models to a multidimensional case was studied in [8] , but for the sake of simplicity in order to test our approach, we shall deal with a two-dimensional case.
As we have mentioned above, a piecewise bilinear (PB) model is the simplest nonlinear system after a linear system and it has a general approximation capability for any nonlinear system with a given precision. A PB model can be expressed as a LUT which is widely used to realize controllers in industrial applications, due to its visibility and simplicity.
For the PB representation of a state-space equation, a coordinate vector d(σ, τ ) of the state space and a rectangle R ij must be defined as,
i and j are integers where
. Thus, the operational region of the system is divided into piece-wise regions that will be analyzed independently. The PB model was originally derived from a set of fuzzy if-then rules with singleton consequents [8] such that which in a two-dimensional case, x ∈ ℜ 2 is a state vector,
T ∈ ℜ is a singleton consequent vector, and σ, τ ∈ Z are integers (−n 1 < σ < n 1 , −n 2 < τ < n 2 ). The superscript T denotes transpose operation.
For x ∈ ℜ στ , the fuzzy system inferred from the fuzzy rules in (4) is expressed as,
where
and
The above PB model can easily model a nonlinear function
Representingẋ with x, the state space expression of the model can be obtained which is found to be bilinear (biaffine) [8] .
If a general case of an affine nonlinear control system is considered,
the PB model that approximates the nonlinear plant can be constructed as,
where,
The PB models will be formed by matrices of size (2x 1 +1)(2x 2 +1) (the number of regions), where each value in the matrix will be referred to as a vertex in the model. Each region will be defined by four vertexes and the values of f (x), g(x) and h(x) at the vertexes will coincide with those in the original system. Within each region, f (x), g(x) and h(x) will be computed through bilinear interpolation of the corresponding four vertexes. The PB models are continuous if the original f (x), g(x) and h(x) are. Note that the approximation is made by only using the values of a nonlinear function at the vertexes of R ij 's in (3).
III. VERTEX PLACEMENT PRINCIPLE (VPP)
This is a general principle to design a LUT-controller to utilize the characteristics of the PB model of an objective plant. Given a partition of the sate space into sub-regions, the property of a PB model can be completely described by the values of a PB model at the vertexes of regions. Therefore, to design a LUT-controller means to assign the values of a table at the vertexes. VPP guides us to assign the values of a LUT-controller at the vertexes anyhow based on the values of a PB model at the vertexes. The term VPP was first introduced in [10] where the values of a LUT-controller were given from those of an objective plant PB model using the method of inverse optimal control. In [11] , a LUT-controller was assigned so that the values of the closed-loop system at the vertexes satisfy stability conditions. In this sense, VPP is similar to the idea of Pole Placement in linear systems. In this paper, the values of a LUT-controller are assigned by utilizing both those of a desired plant PB model and an objective plant PB model (to be identified).
As we have mentioned above, in this work we want to design a LUT controller to make an initially unknown nonlinear plant (P ) type
behave like a desired plant (DP ) given by,
The performance of the plant P with the controller C in closed loop CP will be approximated to the performance of DP , where CP is described by
This is not so difficult in case that the plant to be controlled is known. In such a case, the closed loop behavior of the plant with a feedback control u will be given by, (13) and the controller computed directly as,
Even in case that the plant is unknown initially, if we are able to approximate a PB model through an off-line analysis, the computation of u(x 1cp , x 2cp ) is straight forward.
However, in this study we deal with the on-line design of a LUT controller for an unknown plat. In the relation (13) 
We will initially assume u to be a matrix of all zeros. Then an estimation of the PB model that approximates the plant will be performed. At every instant, the plant vertexes corresponding to the region in which the plant is operating will be estimated. The values of control u at the vertexes of the same operational region will be updated according to the plant estimation.
Note that the value of C is updated as we are doing the estimation of the PB model that approximates the plant. The process of updating the controller C is based on the "Vertex Placement Principle".
From the plant in closed loop CP , at every instant k we can measure its state variables (x 1cp (k), x 2cp (k)) and the reference input r(k) for the plant estimation. With these values we can compute at every instant the values (ẋ 1cp (k), x 2cp (k), f 2cp (k)). For the computation of the derivatives we will use the 3 points formula of numerical differentiation,
A. Plant estimation: a current region
The estimation of the vertexes corresponding to the PB approximation of the plant in closed loop is performed considering only the time instants when the plant was inside a given region. The analyzed region is delimited by the vector V CP2 that contains the four vertexes
T . At every instant, f 2cp is expressed by a piecewise bilinear interpolation as shown at Fig. 1 , where k implies a step in updating in our algorithm. Equivalently,
(20)
To be precise, (19) is expressed as
Taking an account of updating values of the LUT controller C, V CP2 (vertexes of the closed loop plant f 2cp ) can be written as,
(vertexes of the plant f 2p + vertexes of controller C), which is derived from the relation (13), referring to the expression of a PB system in (5).
Similarly to V CP2 , we define V DP2 , V P2 and V C respectively as,
T . Through the Vertex Placement Principle, we want to find V C such that V DP2 = V CP2 = V P2 + V C , where V P2 is initially unknown and need to be estimated, and V C will be initially set to an all zero matrix. Thus, from (21) we obtain,
Considering the above mentioned equations, if there are m samples where the plant is within a given region, we can set the following equation:
T . In (26), A(x cp ) ⊙ V C corresponds to the row-sums of their Hadamard product A(
From (26) we can derive,
and finally we can obtain the values of V P2 as,
where A T A is assumed to be non-singular. Remark: In this paper, it is assumed for the sake of simplicity thatẋ 1 = x 2 . However, ifẋ 1 = f 1p (x 1 , x 2 ) in general, we also have to identify f 1p . The algorithm is similar to that for f 2 p, which is omitted in this paper.
B. Correction of errors in each vertex
Once the V P2 values have been estimated, we can compute the error in each vertex of the region with respect to the desired plant vertexes
Note that the error is computed directly for each of the vertexes within the current operating region. We are not using tracking errors e = x d − x p orė =ẋ d −ẋ p as is used in model following or adaptive control.
A low pass filter will be applied to the error of each of the vertexes,
Thus, the vertex update will be progressive. Finally in each instant, the vertexes of the controller C (V C ) will be updated as
As is seen in (31), the updating is performed by considering α(k) and β(k) and taking an account of the distances between the plant location and the four vertices in current region. For instance, when α(k) and β(k) are very close to 1, only the vertex V C4 which is the closest to the current plant location is updated. If the estimation of the four vertexes of a region is considered good enough, then the update of the controller C could be done directly and without considering the values of α(k) and β(k).
C. Algorithm Outline
The algorithm to implement the on-line design of LUT proposed in this paper has four clear steps.
1) Assume the initial C as a table with all zero elements; this is equivalent to not performing any control actions. 2) With a reference input r, we observe the current states of an objective plant and estimate a plant PB model by these data. 3) Based on a currently estimated plant PB model and a desired plant PB model, we update a LUT-controller as C = DP − P . 4) Repeat steps 2 and then 3. This time, in step 2 the estimation of an objective plant needs to take an account of control input u and the updated values of controller C.
IV. SIMULATIONS
In this section various simulations will be performed in order to show the efficiency of the presented on-line LUT design method. For that, in the first two simulations, we will use two different state space models of objective plants. One referring to a linear plant and the other to a nonlinear plant.
The linear plant used is represented as,
where a = −1 and b = −3. The PB representation of the f 2 is the following. The second plant is nonlinear, and corresponds to the so called "Van der Pol" oscillator. This system is expressed as, The operational region of the systems have been selected as −4 ≤ x 1 ≤ 4 and −4 ≤ x 2 ≤ 4. Thus, the partition of the whole region into piecewise regions has been done through −2, 0, 2, 4) . The input reference signal r has been selected to make the desired plant DP move across a good spread of the defined operational region.
A. Nonlinear Plant to Linear
Firstly, we will show how the Van der Pol system is linearized and controlled using the presented approach, where the desired plant is given by (32). Table III shows the estimation results of the plant. There are some values that have not been estimated, and this is because the plant did not enter some of the regions during the simulation. As at every instant only the estimation of vertexes in the current region is done, the regions that are not crossed have not got data for the estimation. Table III is compared with Table II , it can be observed that the estimated PB approximation is almost identical to the PB approximation obtained directly from the original plant. Note that the plant model is initially considered to be unknown. The value (0.0009) at the center of Table III is not zero since it is obtained by simulation; it can be adjusted to zero. Table IV and Fig. 5 show the designed controller to make the Van der Pol system behave like the linear desired plant. The 0 values correspond to the vertexes of the plant that have not been estimated. 
B. Linear Plant to Nonlinear
With this simulation, what we want to show is that we could approximate a given plant to an arbitrary plant either linear or nonlinear.
We could, for example, approximate a linear plant to a nonlinear plant (i.e.: f 2 = ax 1 + bx 2 + cx 2 1 ) whose behavior is still stable but with a better performance than obtained with a linear desired plant.
In order to show the fact that any linear plant could be approximated to a nonlinear plant, we take the Van der Pol system as a desired plant DP and the linear plant defined by (32) as the plant to be controlled. From a control point of view the approximation of a linear plant into the Van der Pol system that has a limit cycle does not make sense, but with this experiment we show the potential of our approach. 
C. General Nonlinear Plant to Linear
In this paper, we assume that an objective plant is of a form (10) thatẋ 1p = x 2p and so approximate only f 2cp in its closed loop (12) to a desired plant f 2d in (11) . However, our algorithm may work also for a general objective plant of a form thatẋ 1p = f 1p (x 1p , x 2p ). To realize this in general, we need to transformẋ 1cp = f icp in the closed loop toẋ 1d = x 2d in a desired plant with a feedback control. However, since f 2cp includes x 1cp in it and we approximate f 2cp (x 1cp , x 2cp ) to f 2d (x 1d , x 2d ), the above mentioned transformation may be made indirectly through this process. To show it, we consider the following objective plant In this case it is very important to note; a) the selection of an appropriate number of partitions and regions, and b) an appropriate DP plant where to approximate. We can also see that starting controller C with some values different to 0 could help in the final control. Fig. 12 shows the trajectories of the desired plant DP (in black) and the objective plant in closed loop CP (in red) while the controller C is being designed. Fig. 14 shows the same trajectories with a fixed controller C designed in the previous run. where there is also a nonlinearity inẋ 1 .
The last two examples show the possibility of applying the proposed algorithm to general nonlinear plants.
V. CONCLUSION
In this paper we have performed a systematic approach, called VPP, for on-line design of LUT controllers. By the proposed method, we can perform both the estimation of the unknown plant P and the design of controller C simultaneously. We have performed the on-line global estimation of PB models.
The main advantages of our method are: 1) even if a plant is unknown, we can design a LUT based on a desired plant by estimating it on-line. 2) Usually even if an analytical model of the objective plant is available, this model is not exact. Therefore, for example, the control by model-based cancelation of nonlinearity may not work well. But since we are estimating the model parameters on-line and designing a controller, we may avoid this problem.
For the sake of simplicity, we have restricted our analysis to two-dimensional nonlinear systems. Its generalization should be a future study.
